
A Numeri
al Investigation of the Multiply-and-Conquer GameTheodore L. Turo
y∗Department of E
onomi
sTexas A&M UniversityCollege Station TX 77843turo
y�e
onmail.tamu.eduO
tober 21, 2008The game �multiply and 
onquer� is a two-person zero-sum guessing game. Let Z+ be the set of stri
tlypositive integers. Two players, i = 1, 2, simultaneously 
hoose xi ∈ Z+. The payo� to player 1 is given by
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0 x1 = x2.The motivation for the name of the game 
an be seen by inspe
tion of the payo�s. The player with thelarger integer wins if and only if his 
hoi
e is an exa
t multiple of the 
hoi
e of the other player. This gamefeatures the type of 
ounterbalan
ing in
entives that result in equilibria whi
h involve randomization. Onthe one hand, 
hoosing a large number is attra
tive, be
ause it in
reases the 
han
es of winning by beinga multiple of the others player's 
hoi
e; hen
e, the name of the game. On the other hand, 
hoosing a largenumber is risky, in that if the other player 
hooses a small number that isn't a fa
tor, the larger 
hoi
e losesa large amount.Open Question. Does the multiply and 
onquer game have a value?The answer to the question is not 
lear. Multiply and 
onquer has an unbounded strategy spa
e as wellas an unbounded payo� fun
tion. Therefore, standard existen
e results for a value do not apply. However,if the game is arbitrarily restri
ted to having some maximum feasible strategy, then the game does have avalue by the well-known result of von Neumann [3℄. Furthermore, the strategy attaining that value 
anbe 
omputed using linear programming (Dantzig [1℄). Denote the multiply-and-
onquer game restri
ted tothe strategy set {2, 3, . . . , B} by G(B). It is evident by symmetry that the value of G(B) is zero, and thevalue of the unrestri
ted game G(∞) must also be zero, if the value exists.Be
ause linear programming 
an be used to solve games G(B), this paper investigates the equilibria ofgames G(B) numeri
ally. This turns out to be feasible for large values of B be
ause the stru
ture of theset of equilibria of G(B) viewed as a fun
tion of B is simple. The equilibrium is unique for all values of Binvestigated, and that unique equilibrium has a support whi
h is extremely sparse relative to B. Furthermore,as a fun
tion of B, the equilibrium 
hanges infrequently. These properties 
an be understood intuitively as
onsequen
es of the number-theoreti
 stru
ture of the game.Throughout the following dis
ussion, πk is the equilibrium probability 
hoi
e k is made. Expli
itlymanipulating the expressions for the expe
ted payo� of a strategy is in general di�
ult due to the stru
tureof the 
ontingen
ies of winning and losing. However, for strategy k = 2, it is possible to write down arelationship that π must satisfy if k = 2 is played with positive probability. Assuming that the value of thegame is zero, as it is in G(B) for any B < ∞ and must be if G(∞) has a value, π must satisfy
∞
∑

j=1

(2j + 1)π2j+1 =

∞
∑

j=2

2π2j . (1)
∗Preliminary and in
omplete. 1



The left side of equation (1) expresses the gains from the 
ontingen
ies where the opponent plays a 
hoi
ewhi
h is not a multiple of 2, i.e., is odd. The right side 
al
ulates the losses from the 
ontingen
ies where theopponent plays a multiple of 2, i.e., an even number. This equation 
an be rearranged to give the followinginterpretation,
2P (xj even ∧ x > 2) = P (xj odd)E(xj |xj odd). (2)Therefore, the right side of (2) is bounded above by 2. Manipulating further gives
2π2 = 2P (xj even) − P (xj odd)E(xj |xj odd).This relationship suggests that odd numbers will be used with small probability in equilibrium, and/oralmost all the probability pla
ed on odd numbers will be on small odd numbers. In parti
ular, sin
e allprimes greater than 2 are odd, large prime numbers will be played very rarely.Table 1 summarizes the key quantitative and qualitative features of the equilibria of G(B) as a fun
tionof B, 
omputed using the software pa
kage Gambit [2℄. For all values of B, mu
h of the probability weight,approximately three-fourths, is pla
ed on the 
hoi
es 2, 3, and 4. In addition, as expe
ted, odd numbers are
hosen relatively infrequently, and most of the probability weight pla
ed on odd numbers is on the 
hoi
e 3.The equilibria have sparse support. The 
olumns Enter and Leave re�e
t the strategies whi
h 
ome into ordepart the support at ea
h 
riti
al value of B shown. The Enter 
olumn omits the value of B, whi
h alsoenters the support; for instan
e, in the row where 240 enters the support, so do 18, 20, and 36. When theupper bound B = 1, 000, 000, only 23 
hoi
es are played with positive probability in equilibrium.The behavior of the equilibrium as B 
hanges 
an be understood through the following intuition. Absentthe 
onstraint B on the strategy set, for any mixed strategy pro�le that has a �nite support, there is anumber whi
h 
an be played whi
h would assure the opponent that he would �win� with probability one,and would earn a payo� equal to the expe
ted value of the number 
hosen under that mixed strategy pro�le;this number is simply the produ
t of all strategies played with positive probability. In equilibria of therestri
ted games G(B), that strategy is not feasible. Most large numbers are not attra
tive as plays in therestri
ted game, sin
e they would not multiply any numbers being played, or, if they did, would not winoften enough. Remember that when a player does not win, he loses an amount equal to his 
hoi
e, so lossesare 
ostly when large numbers are 
hosen. As B is allowed to in
rease, eventually a number whi
h is a
omposite of 
hoi
es played with high enough probability be
omes feasible. For instan
e, 
onsider the setof equilibria when B ∈ 5040, 5041, . . . , 10079, 10080. As the numbers between 5041 and 10079 are added tothe feasible set, they do not 
hange the equilibrium, be
ause they are not best replies to the equilibrium of

G(5040). However, 10080 is a stri
t best reply to that equilibrium, so when 10080 be
omes feasible, it entersthe equilibrium support. In �response,� then, 11 also enters the support. In this 
ase, 11 is the smallestprime number whi
h was not yet being played with positive probability. That makes it attra
tive, be
ause11 wins over 10080, so the probability 10080 
an be played in equilibrium must be small. Of 
ourse, othernumbers whi
h don't divide 10080 would also be defenses against 10080. Be
ause 11 is prime, though, itdoes not multiply any smaller number by de�nition; therefore, defenses against the 
hoi
e of 10080 shouldbe the smallest number possible, be
ause 11 will lose with high probability.The equilibria presented in Table 1 appear to be 
onverging. The last 
olumn, Dist, measures the distan
ethe equilibrium 
hanges at that value of B, as measured by the max-norm distan
e d(π, π′) = maxk|πk −π′

k|.The probabilities assigned to strategies do not 
hange mu
h as new strategies be
ome feasible, nor are thestrategies whi
h enter the support played with large probability. However, this does not mean that thissequen
e is a sequen
e of ε-equilibria of the unrestri
ted game G(∞) for de
reasing ε. Re
all that by playingthe produ
t of all strategies in the support, a player 
ould ensure vi
tory with probability one, and obtaina payo� of E(x). This E(x) is in
reasing as B in
reases. However, be
ause the equilibria 
hange so little asnew strategies are in
reased, it does show that for any equilibrium πB of game G(B), there exists a nearbystrategy pro�le π′ that makes deviation to any higher 
hoi
e unpro�table.A
knowledgementsThe multiply and 
onquer game was introdu
ed to the author by Mike Paterson at the S
hloss Dagstuhlseminar on equilibrium 
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B π2 π3 π4 P (even) E(x|even) E(x|odd) E(x) Enter Leave Dist4 .4444 .2222 .3333 .7778 2.86 3.00 2.89 2,3,48 .4304 .2278 .2911 .7722 3.08 3.00 3.06 6 .042212 .3190 .1637 .1115 .7586 5.34 3.64 4.93 5 .179724 .3217 .2325 .1991 .7487 7.81 3.40 6.70 9,10,16,18 8 .126448 .3273 .2269 .1834 .7475 7.91 3.33 6.76 8 16,18 .0937240 .3460 .2253 .2069 .7557 8.84 3.35 7.50 18,20,36 .0446720 .3592 .2039 .2048 .7673 9.12 3.51 7.81 7 .02145040 .3600 .2024 .2054 .7681 10.49 3.52 8.87 96 .002510080 .3586 .2040 .2052 .7675 15.06 3.52 12.38 11 .0022110880 .3587 .2039 .2052 .7676 18.16 3.52 14.76 13 .0001Table 1: Summary of properties of equilibria of G(B).
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