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Abstract

The robustness of the Bayes-Nash equilibrium prediction for seller revenue in auctions is
investigated. In a framework of interdependent valuations generated from independent signals,
seller expected revenue may fall well below the equilibrium prediction, even though the individ-
ual payoff consequences of suboptimal bidding may be small for each individual bidder. This
possibility would be relevant to a seller who models strategic uncertainty as ambiguity, and who
is ambiguity-averse in the sense of Gilboa and Schmeidler. It is shown that the second-price
auction is more exposed than the first-price auction to lost revenue from the introduction of
bidder behavior with small payoff errors.

JEL classification: D44, D81.
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1 Introduction

Auctions play a multitude of roles within economics and related fields. In deference to their long
and broad use as a method of selling or purchasing goods, auction games are presented as one
theoretical framework for price formation. This theoretical study, in turn, has begotten the design
of custom market mechanisms, which may be auctions in their own right, or which may incorporate
an auction as a component. Finally, auctions represent a common ground on which the empirical
study of natural markets, the experimental study of auction games in the laboratory and the field
all appear.

A workhorse solution concept in auctions in which bidders have private information is Bayes-
Nash equilibrium. The seminal paper of Milgrom and Weber (1982) characterized the unique
symmetric Bayes-Nash equilibrium in first-price and second-price auctions of a single, indivisible
object with bidders with symmetric, affiliated values. This paper explores implications of the
relaxation of the equilibrium assumption in a class of auction environments with interdependent
values within the Milgrom and Weber framework. These environments have the property that,
with no reserve price or positive minimum bid, the first-price and second-price auctions give the
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same expected revenue. It is shown that, for any given amount & of foregone expected payoffs to
the bidders, the second-price auction is more vulnerable to revenue loss compared to the first-price
auction. Furthermore, even bidding behaviors which result in only e foregone expected payoffs to
bidders may result in much more than ¢ lost profits to the seller.

With the removal of the equilibrium assumption, a seller now must contemplate possible scenar-
ios for bidder behavior. This strategic uncertainty is modeled by supposing the seller may entertain
many possible bidding scenarios which are consistent with bidders foregoing less than ¢ in expected
payoffs. That is, bidders are assumed to bid according to an e-equilibrium, for € > 0. Thus strategic
uncertainty is treated as a source of ambiguity. A notion of robustness of an auction mechanism
is then captured by considering the maxmin expected utility (MMEU) framework of Gilboa and
Schmeidler (1989). The seller is interested in knowing, for each mechanism under consideration, the
minimum expected revenue consistent with e-equilibrium. Then, the ambiguity-averse seller would
prefer to choose the mechanism with the largest minimum revenue among e-equilibria.

The analysis complements an emerging interest in the literature in robustness of mechanisms,
in particular to ambiguity. In applications to date, the assumption of noncooperative equilibrium
has been maintained, while introducing ambiguity in the distribution of types, or of players’ beliefs
about the distribution of types. Implications of ambiguity in the value distribution have been
investigated theoretically by Salo and Weber (1995) within a Choquet expected utility framework
and Lo (1998) using the Gilboa-Schmeidler approach. Chen et al. (2007) show experimentally that
ambiguity in the distribution of values results in lower bids in the first-price auction. Bose et al.
(2006) consider ambiguity about the distribution of values for both the buyers and the seller, and
characterize optimal mechanisms.

The maxmin criterion in Gilboa-Schmeidler can be viewed as a pessimistic attitude, and need
not be generally applicable to all decision-makers. On the other hand, using maxmin in the presence
of ambiguity carries with it a sense of robustness in the worst-case scenario. For example, Chung
and Ely (2007) adopt a maxmin criterion in a justification for dominant strategy mechanisms. They
show that, under a sufficient condition on the distribution of bidders’ valuations, there exists some
distribution of bidders’ beliefs such that the best dominant-strategy mechanism will perform better
than any detail-free mechanism. Their mechanism designer faces ambiguity in terms of bidders’
beliefs about the distribution of other bidders’ values, and considers the worst-case scenario.

An alternative motivation for focusing on bidding less than the Bayes-Nash equilibrium can be
found in the (logit) quantal response equilibrium model of McKelvey and Palfrey (1995). Quantal
response predicts underbidding for risk-neutral bidders in first-price uniform private values auctions.
This is an implication of the observation of Friedman (1992) that the loss function from nonoptimal
bidding in the first-price auction is asymmetric, with underbidding being less costly. Goeree at
al. (2002) note that logit QRE predicts underbidding in their “low values” treatment, which is a
discretized uniform private values auction; this prediction is independent of the coarseness of the
discretization.

The paper is organized as follows. Section 2 describes the auction environment, which features
a model of interdependent values from independent signals, indexed by one parameter. Section
3 characterizes the bidding profiles which minimize the seller’s expected revenue, the quantity
of interest to the ambiguity-averse seller, given that bidders make payoff errors no greater than
some specified level €. The argument is based in part on the Revelation Principle idea of self-
revelation, except, instead, the characterization identifies what type the bidder would prefer to
emulate given the out-of-equilibrium play. Section 4 numerically investigates the properties of the
revenue-minimizing profiles, viewed as a function of . Section 5 concludes with discussion and



directions for future inquiry. Where the proofs of results involve longer calculations, they are
postponed to appendices to maintain the flow of the exposition.

2 Model

The auction environment fits the general symmetric affiliated values model of Milgrom and Weber
(1982). There are N risk-neutral bidders. Each bidder ¢ = 1,..., N receives a private signal z;,
which is drawn from the uniform distribution on [0, 1] and observed by bidder ¢ alone. The signals
of the bidders are realized independently.

Conditional on the realization of the signals, the value of the object to bidder i is given by

v; = fr; + (1 — f) max z;. (1)
Jj#i

The parameter § € [0, 1] is an index of the extent to which there is interdependence of values among
the bidders. When 3 = 1, this reduces to the independent private values model. In the case 8 = %
and N = 2, the model becomes the “wallet game.” This value structure arises, for example, if
bidders expect that there is some exogenous probability that they would need to re-sell the object
at a later date; in such a case, finding out that there is another bidder with a high value makes the
object more attractive. Alternatively, if the object for sale is a “prestige” good, ownership of the
object is more attractive if someone else also places a high value on it.

For the purposes of this paper, this valuation model has several convenient features. The
symmetric Bayes-Nash equilibria in both the first-price and second-price auctions is independent
of B, and therefore both yield the same expected revenue to the seller. This makes comparisons
for different levels of the interdependency parameter § more straightforward. In addition, the
value structure, along with the assumption that signals are uniformly distributed, permits an exact
characterization of the solutions to the problem (2) below. The key property this value structure

satisfies is that
N -1

E [(Iglgg{xj> |x; > ijj} =N %
is linear and increasing in x;. The method in the proof arguments apply equally to any value
structure v; = Bx; + (1 — 8) f(x—;) where E [f(z_;)|x; > x;Vj] is linear and increasing in z;.

Strategic uncertainty is introduced by supposing that the seller is not certain that bidding in
the auction will in fact be according to the equilibrium. The seller instead entertains the possibility
that bidders bid in such a way that they may forgo as much as € > 0 in expected earnings in
the auction. That is, the seller considers the possibility that the bidders will emply bid functions
constituting an e-equilibrium (see, e.g., Radner (1980)). The seller is interested in the robustness
of the expected revenue of the mechanisms to e-equilibria, and therefore adopts a maxmin expected
utility criterion as in Gilboa and Schmeidler (1989).

Throughout, symmetric bidding profiles are used, with b(-) denoting the bid function common
to all bidders. The best-reply bidding function to b is denoted b*(b). For the kth-price auction
(k =1,2), the revenue to the seller if all bidders bid according to b is written Ry (b). The expected
payoff to a bidder from following bid function b(-) when all other bidders follow b(-) is u(b;b).
With this notation, the programming problem of interest to the ambiguity-averse seller for the k-th
price auction is

pr(€) = minimize, Ry () )
subject to ug (b*(b); b) — ux(b;b) < e.



Since the seller uses the maxmin criterion, he chooses the auction

k*(e) = argmax.e (1 oy pi(€)-

The intention is to find solutions to (2) which are “close” to the unique symmetric Bayes-Nash
equilibrium of these games. Therefore, attention is restricted to bid functions which are strictly
increasing, except possibly for an interval over the lowest signals [0, y] on which the bid function
may be zero. Additionally, where the bid function is strictly increasing, it is assumed that it is twice
continuously differentiable. With these assumptions, the calculus of variations may be employed
to characterize solutions to problem (2), which takes the form of an isoperimetric constrained
optimization problem.

Finally, some convenient notation is introducted. First, define A = (1 — ﬂ)%; this quantity
appears frequently in capturing the expected value of the highest signal received by another bidder.
Where it is convenient to work in terms of inverse bid functions, A(-) will denote the common inverse
bid function, and A*(\) the (inverse of the) best-reply to the inverse bid function A. In the case
of a bid function that is zero on some interval [0,y], define A\(0) = y, with the understanding that
bidders with all signals below A(0) also submit a bid of zero.

3 Characterization of minimum-revenue curves

This section turns to the characterization of the solutions of problem (2) for the first-price and
second-price auctions.

3.1 Best-response functions and symmetric equilibria

From the results of Milgrom and Weber (1982), it can be directly computed that the unique sym-
metric Bayes-Nash equilibrium in the first-price auction is
N -1

N

bl’eqm(:ﬂ) = T

and the unique symmetric Bayes-Nash equilibrium in the second-price auction is
b2 (1) = .

That is, the Bayes-Nash equilibrium bidding profiles are independent of 3; therefore, revenues are
independent of [3.

However, the best-reply behavior does depend on 3. The analysis will consider the formulation
of the best-reply bidding function for one bidder, given that the other N — 1 bidders follow identical
increasing and C! bid functions. Let [br, bx] be the range of bids which are submitted by the other
bidders. The best-reply bidding function in this environment is also increasing; furthermore, recall
that, conditional on a given signal x, the expected payoff to submitting a bid b is quasiconcave in
b. Thus, if the first-order condition for an interior extremum holds for some b in (by,by), it is the
maximizer; this will be referred to as the best reply being “interior” in what follows. Otherwise,
the best-reply bid for signal x occurs either at by, or by.

First consider the first-price auction, and suppose that all other bidders adopt the same C*
increasing inverse bidding function A(-). Then, a bid of b wins with probability A(b)V~1. A bidder



who receives signal x chooses his bid b to solve the maximization problem

N -1

max | Bz + (1= §)=—5—A(b) = b AD)N L.

The first-order condition for an interior maximizer implies that the optimal bid b*(x) satisfies

o+ (1= AN (2) V() = T e () 3)

if it is interior. Since the best reply is weakly increasing in z, if no b*(x) satisfies (3), then
b*(z) = b(1).

In the second-price auction, a bidder who receives signal x and assumes all other bidders adopt
the same C'! inverse bidding function A(b) chooses his bid to solve

max |Gz -+ (1 6)]\7]\71)\(19)} AB)NT - /O LN~ AN ()X (),

where the integral captures the expected payment conditional on being the highest bidder. The
first-order condition for an interior maximum reduces to

B+ (1= B)AD(z)) — b*(x) = 0. (4)

Note that for 8 < 1, the best reply in the second-price auction depends on A(-), and that therefore
the second-price auction does not have a symmetric equilibrium in weakly dominant strategies.

3.2 Ray bidding functions

First, consider the special case in which bidders adopt strategies of the form b(z) = ax. Following
Selten and Buchta (1998), these strategies will be referred to as “ray bidding” strategies, and
the slope a referred to as a bid factor.! In addition to serving as a useful intermediate step for
subsequent arguments, ray bidding strategies generally organize the data from first-price uniform
private values auctions; see for example Cox et al. (1988).

Under the assumption that ray bidding strategies are adopted, the revenue-minimizing solutions
to (2) give the same revenue for any choice of € in the first-price and second-price auctions.

Proposition 1 The optimal value of program (2) is the same for the first-price and second-price
auctions when bidders use ray bidding strategies.

Proof Pick some bid factor a in the second-price auction. Then, the bid factor %a gives the
same revenue in the first-price auction:

Lemma 1 For any bid factor «,

Ry (NNla) =Ry (a).

ISince there is a one-to-one relationship between bid factors and bid functions in this section, bid functions are
denoted by their corresponding bid factor.




In addition, an exact correspondence between the values of deviating to the best-reply can be
established:

Lemma 2 For any bid factor «,

uy (A{ (Njgla),N];la) = uy (45 (), )

where A} (a) denotes the best-reply bid function when all other bidders follow bid factor c.

Both Lemmas 1 and 2 are established by direct calculation in Appendix A.

Since both bidding functions are strictly increasing, the object is allocated efficiently, and so
bidders receive the same expected gains. Since the bidding is symmetric and the revenues are the
same, bidders pay the same amount in expectation. Therefore, the expected utility of bidders to
bidding according to bid factor « in the second-price auction is the same as following bid factor
%a in the first-price auction. Lemma 2 states that the payoff to deviating to the best reply is
the same in both situations. Therefore, the value of ¢ is the same in both cases.

So, there is a one-to-one mapping between bid factors in the second-price auction with those in
the first-price auction, which mapping preserves both revenue and ¢; therefore, the optimal values

for problem (2) must be the same. O

The idea behind the proof of Proposition 1 is that a one-to-one mapping can be established
between strategies in the first- and second-price auctions. Suppose that bidders follow the symmetric
bidding profile b(z) = ax in the second-price auction. Then, the revenue and the value of
corresponding to that bidding profile in the second-price auction are identical to the revenue and

value of ¢ corresponding to the bidding profile b(z) = %am in the first-price auction.2.

3.3 General bidding functions

The analysis now turns to the general case of strictly increasing, differentiable bidding functions.
Since the domain of optimization is over functions, use of the calculus of variations is indicated.
The proof strategy for both the first-price and second-price auctions is to use the Fuler-Lagrange
equation arising from (2) to argue that the first derivative of the revenue-minimizing bid function
is constant over specified domains.

The goal is to express the problem in the form

minimizey, [ F(w; b; b)dw
subject to [~ G(w; b;b')dw < K.

where F' and G are functionals and K is a scalar constant. Importantly, the limits of integration in
both the maximand and the constraint must be the same (the interval [y, z] in the template above).
Accomplishing this depends on expressing the problem (2) in advantageous forms adapted to the
two auction mechanisms.

For the first-price auction, it is convenient to consider the best-reply problem in a framing
inspired by the Revelation Principle of mechanism design. Instead of computing the bid that
maximizes the expected profit of a bidder of private signal x, write the problem as determining the

2This scaling property under ray-bidding strategies extends to the kth-price auctions of Kagel and Levin (1993);
see Turocy (2001)



type y > x which bidder x would like to emulate, i.e., to submit a bid that would tie with that
type, if other bidders are following b(+).> That is, the best reply can be characterized as choosing
the type y to solve

max (B2 + Ay = b(y) y™

The first-order condition the optimal choice of y must satisfy is

B+ Ay = b(y) = 5 B () — Aly. )
Note that if 5(0) = 0 and ¥'(0) > 0 only type zero would choose to win with probability zero, so
x(0) = 0. For every signal y there exists some signal x < y such that a bidder with signal = would
optimally choose to bid the same in best reply as the bidder with signal y bids in the given profile
b(+). If b is C!, then z(y) is a continuous function in y.
For the first-price auction, the revenue-minimizing bidding behavior for any given ¢ is bidding
a constant fraction of the private signal, i.e., a ray bidding function.

Proposition 2 For the first-price auction, the solutions to (2) are of the form
A(b) = kb

for some k > .

That is, the solutions are ray bidding functions.

Proof Deferred to Appendix C. O

Turning to the second-price auction, begin by recalling that the best-reply (inverse) bidding
function A*(b) in the second-price auction is given by

BN*(b) + (1 — BIAD) — b = 0.

This implies that, for 8 < 1, if a positive measure of bidders bids zero according to A, i.e., if
A(0) > 0, then the best-reply bid for a bidder of type zero is strictly positive. The lowest bid
submitted in the best-reply function, denoted by, is then characterized by

by = (1= B)A(bar)- (6)

It then follows that the revenue and value integrals in problem (2) can be decomposed into two
intervals, the bids in [0,bys] and the bids in [bys,1]. In view of (6), so long as by is held fixed,
it can be shown that the integrals on [bys, 1] are independent of the shape of A(:) on [0, b]; the
calculus of variations can then be used to argue that A(-) must have a constant slope on [bas, 1].
The second step uses this fact to characterize A(-) on [0, bas], holding fixed the boundary condition
that (1 — 8)A(bar) = bas, and again uses the calculus of variations to argue that A(-) must have a
constant slope on [0, b].

This therefore reduces the problem (2) to a search over a two-dimensional parameter space, given
by y, the highest-type bidder who submits a bid of zero under A(-), and by, the solution to (6). In
view of the fact that the slope of A(+) is constant on [0, by,], it is equivalent, and computationally

3The Revelation Principle approach to mechanism design (see, for example, Myerson (1979)) basically says that
any given type x would not prefer to imitate any other type y /Az. Since the problem considers out of equilibrium
profiles, that is not true here; indeed, bidders do want to bid differently than the bid function indicates. What is
done here is to compute the type y that a bidder of type x wants to imitate, given that other bidders follow b(z).



more convenient, to instead parameterize the search using the slope « of A(+) on [0,bss]. Given y
and «, the solution to (6) is determined, and the slope 3 of A(-) on [bas, 1] is pinned down by the
constraint that A\(1) = 1.

Proposition 3 For the second-price auction, the solutions to (2) are of the form

[0, y] ifb=0
AD)=<¢ y+adb ifb € [0,bum]
y+Osz—|—’y(b—bM) ifb e [bM,l],
where by = 1g;f§’ﬁ and vy = 71_19:17‘3‘\;”‘4.

Proof Deferred to Appendix D. Figure 1 illustrates the candidate solutions and their corresponding
best-reply schematically. O

In view of Proposition 1, Propositions 2 and 3 imply this corollary:

Corollary 1 For any given level of €, the second-price auction admits lower expected revenues from
a profile consistent with e-equilibrium.

Intuitively, the result stems from the fact that the payoff consequences to bidders of bidding
nonoptimally are stronger as their signal increases, since the likelihood they have the largest value,
or close to the largest value, increases. Since the first-price auction determines revenue via the
highest bid submitted, the revenue and bidder payoff consequences are more closely aligned. On
the other hand, the second-price auction determines revenue via the second-highest bid submitted;
with symmetric bidding profiles, this implies that a lower-signal bidder is more likely to determine
price. Thus, the connection is weaker between the individual incentives to bid accurately and the
revenue consequences of bidding behavior.

3.4 A non-robustness result

With these results, it is possible to address the question of how sensitive the Bayes-Nash equilibrium
point predictions are to the introduction of bidding errors with small payoff effects. Proposition 4
characterizes the non-robustness of the point prediction.

Proposition 4 For both the first- and second-price auctions, lim._,q p}, (¢) = —oo. That is, allow-
ing mistakes with small payoff implications for the bidders may result in a disproportionately large
change in seller revenue.

Proof The result can be established by considering ray bidding strategies. In view of Proposition
1, it is enough to consider the first-price auction. Observe that, for ray bidding strategies, there
is a one-to-one correspondence between levels of foregone payoffs € and bid factors a.* As such,
it is well-defined to write both a(e) and its inverse e(a), and pp(e) = Rp(a(e)) is an identity.
Furthermore, a(e) is a C' function. Therefore, p) (¢) = Ri(a)a/(e) = Ry(a)/e' ().

4This statement takes into account that the analysis considers revenue minimizing bidding. There is also a value
of o greater than the equilibrium bid factor that gives the same foregone earnings €. Clearly, this gives greater-than-
equilibrium seller revenue. The a(e) refers to the lower value of «, since that is the revenue minimizing one.



The revenue to the seller if all bidders adopt the bid function b(z) = ax is
1
Ri(a) = / ax - NN tda,
0

dR LN
and so G () = N [; 2Ndx = 1>O
Next, turn to the constraint 1 ( ), which can be written

g(a) = w(a(); @) —ui(e; Q).

Here, o*(«) denotes the best reply to a. The best-reply equation (3) implies that the best reply is
linear in the signal z, up until the point at which the best-reply bid exactly matches the highest
bid submitted. That is, if a* is the slope of this best reply, then the best reply function is of the
form

oy Joax for0<ax< %

b(a)_{a for & <2 <1

Let u{ denote the derivative of u; with respect to its dth argument, d = 1,2. Then differentiating
the constraint, and evaluating at the equilibrium bid factor a®™ gives

d *
£(0%M) = u (@5 0% T 4 w0t ) — uf (@95 ™) — ud (@ et ). (7)
Since a®®™ is the best response against a®d™, ul(a4™; ™) = 0, and so &’'(a®™) = 0. The right
side of (7) is continuous, so lim,_,geam €'(a) = 0. Therefore,
N/(N +1)

. . Ri(a) .
1oy — _ _
Ehr% p(e) = . hgclqm @) hgclqm 7o) 0.

4 Numerical analysis of solutions

Turning to quantitative considerations, Figure 2 illustrates the minimum revenues from problem
(2) as a function of €, pg(e), for the first-price and second-price auction in four environments. The
environments differ in two dimensions. The two rows of panels present the curves corresponding
to small (N = 2) versus large (N = 25) auction environments. The two colums of panels present
the curves corresponding to environments which are mostly private value (8 = 0.9) and which are
more common value (5 = 0.5). Consistent with the foregoing analysis, the curve for the first-price
auction (represented as a dashed line in the figures) lies above that for the second-price auction.
Table 1 gives the numerical values of py () for selected values of ¢.
The calculations admit two quantitative observations.

1. Proposition 4 shows that the pg(g) curves should become vertical as ¢ — 0. The calculations
characterize the behavior of py(e) as € increases away from zero. For both auction institutions,
even with small levels of foregone gains € by the bidders, there exist bidding profiles that have
disproportionately large differences in revenue relative to the risk-neutral Bayes-Nash equilibrium
baseline. For example, consider the environment with N = 2 and 8 = 0.9. Here, The minimum



N=23=09 | N=2,8=05|N=258=09| N=256=0.5
€ first second | first second | first second first second
0 .333 .333 .333 .333 .923 .923 .923 923

.005 | .277 .243 315 .262 .831 .816 .890 874

.010 | .254 .206 .274 .230 794 763 .826 .818

.025 | .210 .143 241 170 .720 .643 770 718

.050 | .160 .090 .203 113 637 .520 .705 .619

Table 1: Minimum revenues consistent with symmetric e-equilibrium, px(e), for four auction envi-
ronments.

revenue for ¢ = .01 in the first-price auction is approximately .254, compared to the symmetric
Bayes-Nash equilibrium prediction of % For the second-price auction, this minimum revenue is
approximately .206. When N = 2, the expected bidder profits in equilibrium are é; thus, e = .01
is an optimization error of about five percent of total earnings; revenues, however, decrease by
about one-third.

2. The introduction of inderdependent values has a salutary effect on the robustness of the auctions,
with a stronger effect on the first-price auction. For N = 2 and 8 = 0.5, the first-price auction
has a minimum revenue at ¢ = .01 of approximately .274, and the second price a minimum
revenue of approximately .230. Thus, the minimum revenue increases for both auctions relative
to the 8 = 0.9 case.

In view of the intuition behind the qualitative result that the second-price auction has lower
revenue minima, namely, that the connection is weaker in the second-price auction between the
incentives of the price-setting bidder to bid accurately and the revenue, it might be expected that
as the number of bidders N increases, the quantitative disparity between the mechansisms would
decrease. The calculations indicate that the quantitative disparity is still significant at N = 25,
which, for many applications, would constitute a large auction.

5 Conclusion

The non-robustness result (Proposition 4) illustrates that the point predictions of Bayes-Nash equi-
librium are very sensitive to the assumption of mutual optimization of behavior among bidders in
first-price and second-price auctions. Nonoptimal bidding that has only small payoff consequences
for bidders, relative to their best response, may have a much larger impact on realized revenues.
The bidders’ optimization failure — whether due to computational or cognitive limitations, a lack
of incentive to optimize, or collusive behavior — may impose a significant externality on the seller.

The non-robustness result is especially relevant for a seller who is ambiguity averse in the sense
of Gilboa and Schmeidler. A natural and tractable extension of the Gilboa-Schmeidler maxmin
criterion is the a-MEU model, which was axiomatized by Ghirardato et al. (2004). In this model,
a seller would evaluate an auction by taking « times the minimum revenue from problem (2) plus
1 — « times the maximum revenue, computed as in problem (2) but with maximization replacing
minimization. When a = 1, this reduces to Gilboa-Schmeidler. The methods developed in this
paper apply equally to the maximization variant of (2), and therefore a version of Corollary 1 on
which institution would be preferred as a function of a could be obtained.

10



As was noted, the uniform distribution of signals and the structure of the valuations as a
function of signals made it possible to characterize the solution of the Euler-Lagrange equations
for the environment considered. A more thorough analysis will likely require numerical approaches
to characterizing the pi(e) curves for other auction environments or institutions. The contribution
of this paper toward those extensions is to provide exact results for one class of environments to
serve as a benchmark for verifying the results of a numerical procedure. The methods used to
characterize the solutions illustrate potentially useful techniques for convenient ways to represent
the problem for numerical analysis.

A final question for further study involves the assumption that payoff magnitudes are all that
matter in modeling uncertainty over strategic choices. In comparing p1(g) to p2(e), an assumption
is made that the magnitude of foregone payoffs € depends only on the environment — in this model,
the interdependency parameter 3 — and not on the auction institution. Whether this is a plausible
assumption is an empirical question. In the pure private values case of = 1, laboratory studies
have shown that an ascending-clock (English) implementation of the second-price auction makes the
weakly dominant strategy of b(x) = x transparent, and thus, effectively, € = 0. (See, for example,
the survey of Kagel (1995).) However, for 8 < 1, the second-price auction no longer has a dominant
strategy.

The ray-bidding result in Proposition 1 notes that, in the class of environments studied, there
is a scaling relationship between the first-price and second-price auction. For any given among
of deviation in terms of bidding behavior, the payoff consequences are smaller in the second-price
auction compared to the first-price auction; or, conversely, it takes a greater deviation in bids in the
second-price auction to have the same payoff consequences. Thus, a strategy method experiment
in the spirit of Selten and Buchta (1998) in which subjects must choose a ray-bidding strategy may
help address whether behavior, at least in the laboratory, is driven primarily by payoff consequences,
or by the framing of the strategy space and rules of the specific institution.
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A  Proof of Lemmas 1 and 2

Proof (Lemma 1) Given an inverse bidding function A(-), the probability a bidder submits a
bid less than b is A(b) for b € [A(0), A(1)]. So, for the second-price auction, the expected revenue
is determined by the distribution of the second-highest bid. With a bid factor of «, the induced

11



distribution of bids from a bidder is uniform on [0, a], so

R2(Oé)

/a ON (N — DHAB)N72(1 = A(b)N (b)db

@ p\N7? b\ 1 N-1
N(N -1 b| — 1—— | —db= .
e o) (ed)am e
For the first-price auction, the revenue is determined by the distribution of the highest bid, which
is

a a rp\V N
_ N—1y/ _ e Z b =
Rl(a)—/o bNA(b) )\(b)db—N/O b<a> ~db T

Therefore, Ry (22a) = Ro(a). O

Proof (Lemma 2) Begin by characterizing the best-reply bid functions. It will be argued that
the best-reply functions are of the form

X Ax(a)z foraz € [0, /A% (a)]
bi(z) = { ak forz € [a/Az(Z), 1].

That is, the best-reply is to bid a constant fraction of the signal, up until the value of the signal at
which doing so results in winning the auction with probability one; for higher values of the signal,
bid the maximum bid submitted by the opponents (i.e., @), and win with probability one.

For the second-price auction, the best-reply bid, when interior, satisfies (4), so

B+ (1-0)

—b(z) = 0

#ﬁﬂ_ﬁ’ = A3(a)z.

b*(z)
b (z) =

For the first-price auction, the best-reply bid, when interior, satisfies (3), so

D) = )
* - aﬁ(Ni 1) _ Ax
@) = Navs-nra-p - Al

B:c+(1—ﬁ>b*((7x)

So it follows that

(V-1 AtaB(N —1)
1( N O‘) - N(EHa+8-1)+(1-p)
N-1 aB(N —1) N -1

N N-Dats-1_ n~ ‘&

Next, it is shown that the expected value of the object conditional on winning, when using the best
reply strategy (which is denoted V() satisfies

v (M) v

12



To see this, note that for k = 1,2,

Fey) N-1
Vi(a) = /0 He (ﬁx—i—AAkcféa)x) (Ak a)) xN_ldx—i—/l” (Bx + A) dx

«
A (@)

Ak(a) Ak(a) 2 1 B o1 1
(ﬁ + A o o N +1 + 5 T ‘oz/Ak(oz) + A‘Tla/Ak(oz) .

Note that this depends on « only through the ratio Ax(a)/a. The preceding argument implies

41 (3gka) _ asta)
o e

which, applied to the expressions for V;* (Tla) and V3 (), gives the result.
Finally, it is shown that the expected amounts paid when using the best-reply satisfy

N -1
Py ( N a) = P} (a).
To establish this, proceed by direct calculation for both auction mechanisms, dividing the integrals

into the regions on which the best reply wins with probability less than one, and on which it wins
with probability one. For the second-price auction,

Pia) = /OAﬁa)dx l/OA;(a)I(N—l)b(iZ)N_Qidb]
+/1a du l/oa(N—l)b (Z)N_2;db]
)

For the first-price auction

Pia) = /O%(A{(a)x)<AT(a)z>N_ldx+ /1 adz

Therefore,

13



Therefore, the payoff to deviating to the best reply in the second-price auction when other bidders
bid using bid factor « is the same as the payoff to deviating to the best reply in the first-price

auction when other bidders bid using bid factor %a, which is the claim of the lemma. O

B Note on use of calculus of variations

In Appendices C and D, the calculus of variations is used to characterize the shape of the bid
functions that solve problem (2). This appendix covers notes on this process common to the two
proofs.

The goal is to express the problem (2) for the first-price auction in the form

minimize, [ F(w; ¢; ¢')dw
subject to fy G(w; ¢; ¢')dw < K.

for some functionals F' and G and some scalar constant K that is independent of ¢(-). The Euler-
Lagrange equation characterizing an extremum is given by
0 [OF oG oF oG
dw 26 o9

o¢ Moy ’

where 1 is a scalar Lagrange multiplier. Since the functionals appear only through their derivatives,
this implies that any additive terms in F' and G that are independent of the variation of ¢(-) can
be neglected, since they will not appear in the Euler-Lagrange equation.

In the calculations, when such additive constants appear, generally through the application of
integration by parts, they will be shown only in the first equation, and will be dropped thereafter.
At the points where such constants are “disappeared,” the notation =* will be used, which can be
read as “equal up to an additive constant.”

Finally, in both proofs, the proof strategy will include assuming certain boundary conditions
on ¢ and ¢’ at the endpoints of integration. Thus, the calculus of variations arguments themselves
characterize the function ¢ given those endpoints; in the case of both arguments, the argument will
be that ¢’ is constant on the relevant domain [y, z]. To solve the original problem (2), then, one
considers all possible choices of boundary conditions, applying the fact that ¢’ is constant on the
domain, to compute the overall solution.

C Proof of Proposition 2

Some preliminaries

Recall that when the best reply bid is interior (that is, wins with probability strictly between zero
and one), the best reply behavior for a signal x can be characterized by

1

fr+ A8y =bly) = 77— [0 (y) — Aly, (8)

where y is interpreted as the type of bidder a bidder with signal 2 would choose to imitate, assuming
bidders bid according to the bid function b(-). It will be convenient to work in terms of the function

$y) = (N —1)7'[p'(y) — Al.
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For signals for which the best-reply behavior is interior, the solutions to (8) define a function z(y).
The signal for which a bidder with that signal would choose to imitate the highest type (and
therefore win with probability one) is given by

Ba(1) = ﬁ (1) — A] + b(1) - A.

Note that 2(1) only depends on b(-) via b(1) and b'(1). Therefore, for the calculus of variations
argument, consider functions b(-) satisfying b(1) = ¢g and V(1) = ¢; for some fixed constants ¢y
and c¢;. Finally, the derivative of z(y) is computed by differentiating (8):

Br'(y) + A=V (y) = oy)+6' W)y
2(y) = B INo(y) + ¢ (y)yl.

Expected revenue to the seller

The expected revenue to the seller can be expressed as
1
Ru(b) = / Nb(z)zN1dz.
0

Integrating by parts gives
1
R1(b) = b(1) — / v (z)z™N d.
0

Neglecting the additive constant and rewriting the intergral in terms of ¢(-) gives
1
Ra®) =" = [ (V= Dota) + &)« Vo (9
0

Expected payoff to bidding according to the symmetric profile
The payoff to bidding according to the symmetric profile b(-) is

up(b;b) = /0 Bz + Az — b(z)] 2N " Ldx

(N+1)"YB+A) - /01 b(x)z™N " tdx

1
(N+ 1)1 B+ A) — N1b(1) + N~ / Y (2)e" da.
0
Neglecting the additive constants and rewriting the intergral in terms of ¢(-) gives

up(b; b) =* N—l/o (N —1)é(z) + Al 2N da. (10)
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Expected payoff to following best reply

The payoff to following the best reply can be written in two parts. For the types for whom the
optimal bid is interior, write

1 1
/0 o)+ By = by Ty = [ ol xy¥ % 57 INGG) + 6 ()l dy

1

= g i [IN$*()y™ + o(y) ¢ (y)y™ ] dy.

For the types for which the optimal bid is b(1), the expected payoff is

/(1) B+ A~ b(D] dr = 5 [1 - 2(1)?) + (&~ b(1)] [1 ()]

Since b(1) and ¥'(1) are taken as fixed, x(1) is fixed, and this is a constant. So, neglecting the
additive constants,

1
us (b*(b);0) =* f~1 / N@(@)a™ + ¢(a) ¢ ()aN | da (11)

Characterization of extremum

Taking (9), (10), and (11) together, the problem is formulated as
maximizeg — /01 (N —1)é(z) + Al 2N dx
subject to the constraint
g1 /01 N¢?*(x)zN + qS(w)d)’(x)xNH] de — N~! /01 (N —1)¢(x) +AlzNdx < K.

For the Fuler-Lagrange equation, compute

Gy =0
e
5 5e] = @rnsee
?TZ = —(N-1)zV
% = 287 'No(x)z" + 7'¢/ (z)a™ ! — %M.
The Euler-Lagrange equation then evaluates to
—u(N + 1) p(z)a™ + (N = 1)z + 2u87 ' No(x)z"™ + ps~" ¢/ ()2 — u%wl\’ = 0.
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Gathering terms and dividing through by 2, this is of the form
014(x) 4 02 + 03¢ (x)x = 0,

which is satisfied if and only if ¢ is constant. Therefore, b’ is constant, and so b is linear. Since b is
linear, it follows that (1) = ¢g = ¢; = b/(1). Thus, determiing the solution to problem (2) for the
first-price auction reduces to finding the bid factor « such that there would be an expected payoff
gain of € to deviating from the corresponding ray bidding function to the best reply.

D Proof of Proposition 3

Some preliminaries

Recall that the best-reply (inverse) bidding function in the second-price auction is given by
BN (b)) + (1 —B)A(b) —b=0.

This implies that, for 8 < 1, if a positive measure of bidders bids zero according to A, i.e., if
A(0) > 0, then the best-reply bid for a bidder of type zero is strictly positive. The lowest bid
submitted in the best-reply function is then characterized by

bar = (1= B)A(ba)-

Further, the analysis considers bid functions for which the best-reply function is such that no
bidder with value less than one wins with probability one in the best-reply. Thus, the best-reply
characterization implies that the maximum bid submitted is 5™** = 1.

The chararacterization of the solution of (2) will proceed by the calculus of variations in two
steps. First, it will be assumed that A(-) is fixed and given for all bids on [0, by], where by solves
(6), and it will be shown that A(-) on [bas, 1] has a constant slope. Then, it will be assumed that
A(+) is fixed and has constant slope on [bys, 1], and it will be shown that A(-) has constant slope on

It will be convenient to define the function

b
A(b) = /0 Mw)N " tdw.

for the application of the calculus of variations. Note that this definition implies

and

Step 1: Characterizing \(-) on [by, 1]

This step begins by assuming that A(-) is fixed and given on the interval [0,by/], and aims to
characterize A(-) on the interval [bas,1]. The quantities of interest in the problem are analyzed
separately.
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Expected revenue to the seller

For a given symmetric inverse bidding profile A(-), the revenue to the seller in the second price
auction can be written

Ro(\) = /01 bN (N — DALV 72 (1 — \(b)) N (b)db.

Observe that the portion of the integral in (12) on [0, bys] is constant, as it only depends on A(+) on
that domain. Thus, analysis focuses on the integral in (12) where the lower bound of integration is
changed to by;.

Using integration by parts, this can be rewritten

Ry(\) = N [bA(b)N_l |oas —/b; /\(b)N‘ldb} + (N —1) [bA(b)N o /1 )\(b)Ndb]

bm
1

=" /1 [NADN ! — (N = DAD)] db :/ [(N— 1A (b) ™7 — NA'(b)] db. (12)

b[\/[ b]\/I
Expected value to bidder conditional on winning, given A(-)

Since the bidding profiles being considered are symmetric, and since A(0) is fixed, the expected
value to the bidder, conditional on winning, is independent of the shape of A(+). If the bid function
were strictly increasing, this value would be ﬁ; however, since A\(0) may be strictly positive,
there is a positive probability of ties, which occur when all bidders have value less than A(0); thus,
allocation need not be efficient. In any case, since A(0) is taken as given, the variation of A(-) does
not change this quantity, and thus the expected value to the bidder conditional on winning may be
neglected as a constant.

Expected payment of bidder, given A(-)

Observe that, since bidding profiles are symmetric, the amount paid in expectation by the bidder
must be N=1Ry(\).
Expected value to bidder conditional on winning, under best reply

This can be calculated directly, using the characterization (4) of the inverse best reply. Write
d =1 — (3, and note that only bids on the interval [bys, 1] are submitted in the best reply.

EV / 1 [BA*(b) + AXD)] AB)N N * (b)db
by

= 87 [ [0+ (A=8)AB) AN (10X (b))] db

bm

g1 /1 (AN = SBAB) N TIN (B) + (A — AN — (A = §)SA(B)VN (b)] db (13)
bm
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Expected payment of bidder, under best reply

This can also be calculated directly, using (4).

— ! ’ _ N—2y/ -1 _ /
EP = /bM [/0 w(N — D)A(w) /\(w)dwlﬂ (1 —0X'(b))db

1 b
= p! wA(w)N G - / Mw)Ntdw| (1 — 5N (b))db
by 0
1
= gt [DAD)N 1 — GBAB)N TN (b) — A(b) + SN (B)A(b)] db. (14)
by
The expected payoff of deviating to the best reply is just EV — EP. Note that the first two terms
of (13) match the first two terms of (14). Thus,

1
EV -EP=p" [(A = )ADB)Y — (A = 8)SA(B)V N (b) — A(b) + SN (B)A(B)] db  (15)
b
The first and third terms in the integrand of (15) can be written directly in terms of A and A’. To
express the others,

1 1 1
[ awsxwa= o, - [ aora=- [ voa
bM bM

b

and

/ CNOADD = ABAB)|L, - / " A®)Vdb
b bar

= A(l)A(l))\(bM)A(bM)/l A(D)N db

by

= A(l)—)\(bM)A(bM)—/b AD)Ndb

= /1 MDY= AB)N)db + (1 — A(bar)) /bM MDYV tdb
b]\/j 0
1
- / (A'() ~ N 0) %) .
bm

The key step is to write out A(1) = fol A(b)N=1db, and to decompose this integral into two
integrals over [0, bys] and [bys, 1], respectively.
Therefore, expected earnings for playing the best-reply function A*(-) can be written as

EV — EP =* 51/1 [(A—é) (1+6) N ()™
by

up to an additive constant.
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Characterization of solution via the calculus of variations

In view of (12) and (15), problem (2), under the assumption that the function A(-) is fixed and
given on [0, bys], can be re-expressed as

minimizey [, [ulA'(b)% _ VQA’(b)] db
subject to fblM {VSA/(b)% +vgN'(b) — A(b)} db = Q,

where v1, 19, v3, V4, and @ are constants depending on 3 and N. The Euler-Lagrange equation for
this problem is

A+ % [NylA/(b)ﬁ e —p (NVBA'(b)ﬁ + m)} =0,

where p is the Lagrange multiplier on the constraint. Integrating gives

M(b — b]w) + KlA/(b) NI + Ko = Ko,

where kg is the constant of integration and k1 and ko are amalgams of N, 4, and u. Recalling that
1
A(b) = A'(b) ™7, solving this equation gives

Ko — kK — b—bM
A(b) = m( )

and thus X (b) is constant, as claimed.

Step 2: Characterizing A(-) on [0, by/]

Next, consider all functions A(+) such that X' (-) is constant above the bid by; defined by (6).
Expected revenue to the seller

Following the same procedure as in Step 1, the portion of the revenue function which depends
on the variation in A(-) on [0,by,] is

Ro()) =* /0 " [(N — N (b)) T — NA'(b)] db

Expected value to bidder conditional on winning, given A()

As in Step 1, since only symmetric bidding profiles are considered, this quantity does not depend
on the variation in A(+).
Expected payment of bidder, given A(-)

Because of symmetry, this is simply N ' Ry()\).
Expected value to bidder conditional on winning, under best reply

Note that (4) implies that the best-reply inverse bidding function does not depend on the shape
of A(+) below bys. Thus, the expected value conditional on winning under the best reply is constant
with respect to the variation of A(-) on [0,bxs], so long as the value of by solving (6) is unchanged.
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Expected payment of bidder, under best reply

Note that the only terms in (14) which vary with respect to variation in A(:) on [0, by] are those
that involve A. Thus, the variable portion is

/ CXOAG) - AB] b = / 1 K&'(b) bM)\(w)N_ldw>+<5>\'(b) / A(w)N_ldw>

_/ObM Aw)N~tdw — /b )\(w)N_ldw] db

by

_* ! / bt N-1 . bar N-1
= /bM ((5}\ (b)/o Alw) dw) /0 AMw)™ " Hdw
— /bM (1= bar) (SCAN(w)N = A(w)N 1) duw,

0

where the exchanging of the order of integration in the last line is justified since X' (b) = C for some
constant C' on [bys,1]. Thus, for the portion of the expected payment under the best reply that

varies,
bn

1 by
/ N (0)A(B) — A(B)] db =* M / AN Tab= M [ A (B)db
bar 0 0

where M is a constant.

Characterization of solution via the calculus of variations

The foregoing has established that the solution to problem (2), under the assumption that the
function A(+) is fixed and given on [by, 1] such that )\ is constant, is the same as the solution to
the problem

minimize fObM [(N —1)A'(b) N NA'(b)| db
subject to [ {MA(b) — NN ()W 4 A (b) b db = @,

where @ is a constant that incorporates both ¢ and the various constants appearing in the foregoing
derivations. The Euler-Lagrange equation for this problem is

[+ % {NA’(b) TN - (—A’(b)ﬁ + 1)] = 0.

Following in parallel to Step 1, this implies that X' (-) is constant on [0, bas].
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