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tThe limit of any 
onvergent sequen
e of agent quantal response equilibria is a sequentialequilibrium of an extensive game. Using a logarithmi
 transformation of a
tion probabilities,it is numeri
ally feasible and pra
ti
al to 
ompute su
h sequen
es, and thereby 
ompute goodapproximations to sequential equilibrium assessments. This paper des
ribes the algorithm to
ompute the sequen
es, and outlines the 
onvergen
e and sele
tion properties of the method.Keywords: 
omputing Nash equilibrium, quantal response, homotopy methods.1 Introdu
tionIn Turo
y [13℄ it was shown that the logit quantal response equilibrium (QRE) 
orresponden
e,as de�ned for strategi
 games by M
Kelvey and Palfrey [9℄, has a natural game-theoreti
interpretation in terms of the repli
ator dynami
s. The limit, as the pre
ision parameter λ tends toin�nity, of any bran
h of the QRE 
orresponden
e is a Nash equilibrium of the strategi
 game. The1



Ja
obian of the system of equations de�ning a bran
h of the 
orresponden
e is bounded, indi
atingthat 
omputing a Nash equilibrium as the limit of a sequen
e of approximating QREs is numeri
allyfeasible. This result is extended here to the task of 
omputing a sequential equilibrium (Krepsand Wilson [5℄) of a �nite extensive game with perfe
t re
all.M
Kelvey and Palfrey [10℄ de�ne the agent quantal response equilibrium 
on
ept for �nitegames with perfe
t re
all, and show that any limit point of the AQRE 
orresponden
e is a sequen-tial equilibrium. The logit spe
i�
ation of AQRE is the most widely-used and 
omputationally
onvenient. The formulation used in Turo
y [13℄ 
annot be applied dire
tly to extensive games,be
ause the elements of the Ja
obian matrix need not be bounded for information sets whi
h arerea
hed with small probability. Transforming the system by using logarithms of probabilities resultsin a bounded Ja
obian whi
h 
an be used in a numeri
al pro
edure to tra
e a bran
h of AQREs.In addition, the logarithmi
 transformation results in a straightforward 
al
ulation of beliefs atinformation sets whi
h are not rea
hed in the limiting sequential equilibrium. Therefore, the fullsequential equilibrum assessment 
an be approximately arbitrarily well using this method.The paper is organized as follows. Se
tion 2 presents the 
al
ulations underlying the tra
ing ofa bran
h of the logit AQRE 
orresponden
e. Se
tion 3 illustrates the ne
essity and pra
ti
ality ofthe logarithm transformation of probabilities, and presents some quantitative speed-of-
onvergen
eresults for sele
ted appli
ations. Se
tion 4 
on
ludes by pla
ing this method within the the literatureon equilibrium 
omputation.2 Tra
ing the 
orresponden
e2.1 Notation and de�nition of the path-following problemThe pro
edure operates on �nite extensive games with perfe
t re
all. There are a �nite number ofplayers; ea
h player has a �nite number of information sets; there are a �nite number of a
tions atea
h information set. To ea
h terminal node is atta
hed a ve
tor of payo�s, one for ea
h player, andplayers are expe
ted utility maximizers. Some information sets may belong to the 
han
e player,at whi
h the probabilities of ea
h a
tion are prespe
i�ed.2



The letters a, b, and c will be used to denote a
tions. Ea
h a
tion is asso
iated with exa
tlyone information set, denoted I(a). Nodes will typi
ally be denoted by n and m. Information setsare sets of nodes; the notation n ∈ h means that node n is a member of information set h, and theset of a
tions available at information set h is A(h). The set of nodes at whi
h a
tion a may betaken as N(a) ≡ {n : n ∈ I(a)}. Be
ause the game is perfe
t re
all, any a
tion appears at moston
e along any path of play. The relation a ≺ n indi
ates that a
tion a pre
edes node n in the playof the game.A behavior strategy pro�le π spe
i�es, for ea
h a
tion a, the probability πa that the a
tionis played when its information set is rea
hed. Let ua(π) denote the expe
ted payo� to playinga
tion a, 
onditional on rea
hing its information set I(a), assuming the behavior strategy pro�le πis played at all other information sets. Then, a strategy pro�le π is a logit agent quantal responseequilibrium if it satis�es
πa =

eλua(π)

∑

b∈I(a) eλub(π)
(1)for all a
tions a at all information sets for all players. The set of logit AQRE is a 
orresponden
emapping λ ∈ [0,∞) into the set of (totally mixed) behavior pro�les. M
Kelvey and Palfrey[10℄ show that the limiting points in this 
orresponden
e as λ → ∞ form a subset of the set ofsequential equilibria. Therefore, tra
ing a bran
h of the 
orresponden
e amounts to generating(part of) a sequen
e of totally mixed behavior pro�les required for the 
onsisten
y requirement ofsequential equilibrium.For ea
h information set h, 
hoose some referen
e a
tion a ∈ h. Then (1) implies that, for all

b ∈ h, b 66= a,
πa

πb

= eλ[ua(π)−ub(π)],or equivalently,
lnπa − lnπb = λ[ua(π) − ub(π)].To maintain the normalization of probabilities, ea
h information set s generates a sum-to-one
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equation
∑

a∈s

πa = 1.Therefore, the system is de�ned by (total number of a
tions - number of information sets) equationsof the form
Hab(π, λ) = lnπa − lnπb − λ [ua(π) − ub(π)] = 0 (2)plus one equation of the form

Hh(π, λ) =
∑

a∈h

πa − 1 = 0 (3)for ea
h information set h.The form of (2) suggests an approa
h in whi
h pro�les are represented a

ording to the logarithmof their probabilities. Introdu
ing the transformation pa = lnπa for all a
tions a, (2) and (3) be
ome
Hab(p, λ) = pa − pb − λ [ua(e

p) − ub(e
p)] = 0 (4)and

Hh(p, λ) =
∑

a∈h

epa (5)respe
tively, where the notation ep represents the ve
tor obtained by exponentiating ea
h elementof the ve
tor p individually. In the following derivations, π will be written in pla
e of ep and πc inpla
e of epc for expositional 
larity.Tra
ing the zeroes of the system of equations de�ned by (4) and (5) 
an be done using a predi
tor-
orre
tor method (e.g., Allgower and Georg [1℄). The predi
tor step uses the Ja
obian of thesystem with respe
t to (p, λ). For the ratio equations Hab, the Ja
obian entries are:
∂Hab

∂pa

= 1

∂Hab

∂pb

= −1

∀c ∈ I(a) − {a, b},
∂Hab

∂pc

= 04



∀c 6∈ I(a),
∂Hab

∂pc

= −λπc

[

∂ua(π)

∂πc

−
∂ub(π)

∂πc

]

∂Hab

∂λ
= − [ua(π) − ub(π)] .The Ja
obian entries for the sum-to-one equations are:

∀a ∈ h,
∂Hh

∂pa

= πa

∀a 6∈ h,
∂Hh

∂pa

= 0

∂Hh

∂λ
= 0.In all 
ases, the Ja
obian is evaluated at a point (p, λ) forming an agent logit quantal responseequilibrium.2.2 Numeri
al feasibilityIn order for tra
ing the zeroes of the system H to be numeri
ally feasible, the Ja
obian of thesystem must be bounded.Proposition 1. The Ja
obian of H is bounded when the system is expressed in terms of logprobabilities.Proof. The only entries for whi
h boundedness is not straightforward is ∂Hab

∂pc

for a
tions
c 66∈ I(a), sin
e these 
ontain terms of the form πc

∂ua(π)
∂πc

. It is now shown that this quantity isbounded. Let Pn(π) be the probability that a node n is rea
hed when strategy pro�le π is played,
Pn(π) =

∏

a≺n

πa.The probability information set h is rea
hed 
an then be written
Ph(π) =

∑

n∈h

Ph(π).
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Let ua|n(π) be the payo� to playing a
tion a, 
onditional on node n being rea
hed. By de�nition,
ua(π) =

∑

n∈N(a)

Pn(π)

Ph(π)
ua|n(π).Di�erentiating with respe
t to the probability πc of a
tion c 6∈ I(a) gives

∂ua(π)

∂πc

=
∑

n∈N(a)

∂

∂πc

[

Pn(π)

Ph(π)

]

ua|n(π) +
Pn(π)

Ph(π)
·
∂ua|n(π)

∂πc

. (6)In the �rst term in the sum in (6), the 
hange in beliefs given a 
hange in πc is
∂

∂πc

[

Pn(π)

Ph(π)

]

=
Ph(π)∂Pn(π)

∂πc

− Pn(π)∂Ph(π)
∂πc

Ph(π)2

=

∂Pn(π)
∂πc

Ph(π)
−

Pn(π)

Ph(π)
·

∂Ph(π)
∂πc

Ph(π)

=

∂Pn(π)
∂πc

Ph(π)
−

Pn(π)

Ph(π)
·

∑

m∈N(a)

∂Pm(π)
∂πc

Ph(π)
. (7)Note that

∂Pn(π)

∂πc

= 1c≺n

Pn(π)

πc

(8)and
∂Ph(π)

∂πc

=
∑

n∈h

1c≺n

Pn(π)

πc

, (9)where 1c≺n is the indi
ator fun
tion taking on the value of 1 when the a
tion c pre
edes the node
n in the game tree, and 0 otherwise. Taking equation (6) and substituting in (7),

∂ua(π)

∂πc

=
∑

n∈N(a)





∂Pn(π)
∂πc

Ph(π)
−

Pn(π)

Ph(π)
·

∑

m∈N(a)

∂Pm(π)
∂πc

Ph(π)



ua|n(π) +
Pn(π)

Ph(π)
·
∂ua|n(π)

∂πc

=
∑

n∈N(a)





∂Pn(π)
∂πc

Ph(π)
ua|n(π) −





∑

m∈N(a)

∂Pm(π)
∂πc

Ph(π)



 ua|n(π) +
Pn(π)

Ph(π)
·
∂ua|n(π)

∂πc





=
∑

n∈N(a)

1c≺nPn(π)

πcPh(π)

[

ua|n(π) − ua(π)
]

+
∑

n∈N(a)

Pn(π)

Ph(π)
·
∂ua|n(π)

∂πc6



πc

∂ua(π)

∂πc

=
∑

n∈N(a)

1c≺n

Pn(π)

Ph(π)

[

ua|n(π) − ua(π)
]

+
∑

n∈N(a)

πc

Pn(π)

Ph(π)
·
∂ua|n(π)

∂πc

.It is immediate that the right-hand side of this last expression is bounded. QEDAn impli
ation of the 
al
ulation in the proof is that ∂ua(π)
∂πc

need not be bounded. Tra
ingthe AQRE 
orresponden
e using untransformed probabilities may be numeri
ally infeasible in somegames. The ne
essity of some transformation is illustration in Se
tion 3.1, whi
h shows that for�Selten's horse� (Selten [12℄) the Ja
obian of the homotopy system is not bounded using untrans-formed probabilities. The logarithmi
 transformation is not the only transformation whi
h woulda
hieve boundedness of the Ja
obian of the transformed system. As is shown next, the logarithmis the natural 
hoi
e given the form belief 
omputations take.2.3 Computing beliefsSin
e the sequential equilibrium re�nement is valuable in that it 
an eliminate 
ertain types ofbehaviors o� the equilibrium path, approximating sequential equilibria by AQRE requires 
om-puting beliefs at information sets s for whi
h Ph(π) → 0 along the bran
h of the logit 
orre-sponden
e. For this, the logarithmi
 implementation of a
tion probabilities is 
onvenient. De�ne
m ∈ argmaxn∈h Pn(π); this is a node whi
h is rea
hed with maximal probability, among nodes inthe information set h. Observe that Pm(π)

Ph(π) > |N(s)|−1. Then the beliefs 
an be written
Pn(π)

Ph(π)
=

Pn(π)

Pm(π)
·
Pm(π)

Ph(π)

=
Pn(π)

Pm(π)
·

Pm(π)
∑

m′∈I(n) Pm′(π)

=
Pn(π)

Pm(π)
·



1 +
∑

m′∈I(n),m′ 66=m

Pm′(π)

Pm(π)





−1

. (10)Re
alling that
Pn(π) =

∏

a≺n

πa,
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it follows that
log Pn(π) =

∑

a≺n

log πaor
Pn(π)

Pm(π)
= exp [log Pn(π) − log Pm(π)] = exp

[

∑

a≺n

log πa −
∑

a≺m

log πa

]

. (11)In (10), sin
e m was 
hosen to be the node rea
hed with maximal probability in the informationset, Pn(π) ≤ Pm(π) and Pm′(π) ≤ Pm(π). By 
onstru
tion, all ratios in (10) are less than or equalto one, and so (10) 
an be implemented numeri
ally even when Ph(π) is small.3 Numeri
al examplesThe method des
ribed in Se
tion 2 has been implemented in the software pa
kage Gambit [7℄. Thisse
tion 
hara
terizes the empiri
al performan
e of the algorithm. The tra
ing pro
ess requires asan initial 
ondition a point (p, λ) satisfying equations (4) and (5). For all games, the point λ = 0with uniform randomization at all information sets satis�es these equations. In this se
tion, resultsare presented for tra
ing this �prin
ipal bran
h� of the 
orresponden
e.3.1 Ne
essity of a transformation: Selten's horseThe �rst example demonstrates that there are games in whi
h tra
ing the AQRE 
orresponden
eis numeri
ally infeasible without some transformation of the probabilities. Figure 1 shows theextensive form of a game 
ommonly 
alled �Selten's horse,� from Selten [12℄. Figure 2 plots theprobabilities ea
h player plays their strategy L in an AQRE as a fun
tion of λ. In the limitingsequential equilibrium, Player I and Player II both 
hoose R. Along the sequen
e of AQREs, bothplayers 
hoose L with nontrivial probability; in fa
t, Player II's probability of 
hoosing L is initiallyin
reasing in λ. Figure 3 plots Player III's belief µ pla
ed on the left note in his information set as afun
tion of λ. The limiting sequential equilibrium assessment sele
ted by the AQRE 
orresponden
ehas µ = 1
3 , and the AQRE values of µ are well-behaved as a fun
tion of λ.In this game, the 
hange in 
onditional payo�s ∂ua(π)

∂πc

for the two a
tions belonging to Player III8



is unbounded along the AQRE 
orresponden
e; therefore, without some suitable transformation,tra
ing the 
orresponden
e would fail. As in Figure 1, let ε be the probability Player I 
hooses L,and δ be the probability Player II 
hooses L. Sin
e ε > 0 and δ > 0 in an AQRE, Player III'sbeliefs about at the left node in his information set must be
µ =

ε

ε + (1 − ε)δ
.Di�erentiating this with respe
t to δ gives

∂µ

∂δ
=

−ε(1 − ε)

[ε + (1 − ε)δ)]
2 .Taking the limit as δ gets small,

lim
δ→0

∂µ

∂δ
=

ε(1 − ε)

ε2
=

1 − ε

ε
.Therefore, when Player I and Player II both rarely play L, then Player III's beliefs µ are arbitrarilysensitive to 
hanges in δ, and therefore Player III's expe
ted payo� to his a
tions is arbitrarilysensitive to 
hanges in δ. This implies that entries in the Ja
obian of the system using untransformedprobabilities is unbounded, and, when δ and ε be
ame small enough, entries in the Ja
obian wouldex
eed the maximum representable �oating-point number. On the other hand, if Player II's 
hoi
eprobability is represented by ∆ = log δ, the beliefs are

µ =
ε

ε + (1 − ε)e∆
.Di�erentiation with respe
t to ∆ gives

∂µ

∂∆
=

ε(1 − ε)e∆

[ε + (1 − ε)e∆]2
=

ε(1 − ε)δ

[ε + (1 − ε)δ]2
,and so limδ→0

∂µ
∂∆ = 0. 9



3.2 Usefuless of a transformation: The 
entipede gameA feature of the logarithmi
 transformation of probabilities is that it 
hanges the domain on whi
hthe path-following problem is expressed from one in whi
h probabilities must lie in (0, 1) to onein whi
h log-probabilities must lie in (−∞, 0). Removing the lower bound o�ers a pra
ti
al bene�twhen using a predi
tor-
orre
tor method. The predi
tor step uses a linear extrapolation based onthe Ja
obian of the system. However, in the logit spe
i�
ation, the probability a stri
tly inferiora
tion is 
hosen de
reases exponentially in λ. In the untransformed system, a stri
tly inferior a
tionbeing played with small probability at some λ may be extrapolated to be played with a negativeprobability at the next step λ′, whi
h is outside the domain on whi
h the untransformed Ja
obianis valid.As the previous example shows, simply setting small probabilities to zero is not adequate, sin
eit is not the 
ase that small probabilities are negligible in QRE. This is not just true as a limitingphenomenon. A
tions played with positive probability in the limiting QRE may be played witharbitrarily small probability at some point along the bran
h. An appli
ation in whi
h this o

urs isthe 
entipede game, dis
ussed in M
Kelvey and Palfrey [10℄, and illustrated in Figure 4. The
entipede game is a two-player, alternating-moves game of perfe
t information. Initially, the �pot�is set to some amount p. At ea
h move, the player whose turn it is 
an either take the pot, or pass.If he takes, he earns some fra
tion θ ∈ (.5, 1] of the pot, and the other player re
eives the rest,
1 − θ. If he passes, the pot is multiplied by m > 1 and play passes to the other player. The gameis �nite; after the Nth stage, if the player whose turn it is passes, then at the N + 1st stage theother player automati
ally takes. The top panel in Figure 4 shows the game tree for parameters
p = .5, θ = .8, m = 2, and N = 6, whi
h is the subje
t of experiments reported in M
Kelveyand Palfrey [8℄. In the AQRE 
orresponden
e of this game, the probabilities that a
tions aretaken do not 
onverge monotoni
ally to the unique subgame perfe
t equilibrium in whi
h playerstake with probability one at ea
h node, a fa
t used in M
Kelvey and Palfrey [10℄ to �t theQRE model to the experimental data.It is possible to drive take probabilities arbitrarily 
lose to zero in AQRE of games of this 
lass.10



Observe that the unique subgame perfe
t equilibrium remains always to take at every opportunityso long as m < 4, holding �xed the other parameters. As m → 4, however, it requires only a smallprobability that the opponent will err and pass on his next move for passing to be
ome an optimal
hoi
e. As a result, passing be
omes an attra
tive strategy until λ be
omes large. The bottompanel of Figure 4 shows the 
entipede game with parameter m = 3.9, and Figure 5 plots the AQREtake probabilities for the �rst player at ea
h of his three turns in this game. For a substantial rangeof λ, the probability of passing at ea
h of the �rst two turns is essentially unity. For instan
e, theprobability of taking on the �rst turn is on the order of 10−80 for λ = 33, and of taking on these
ond term around 10−80 for λ = 2.2.3.3 Speed of 
onvergen
e: Some signaling gamesM
Kelvey and Palfrey also investigate the usefulness of the AQRE 
on
ept as an equilibrium sele
-tion 
riterion, using as examples a set of signaling games from Banks, Camerer, and Porter[2℄ (BCP, games 2, 3, and 4) and Brandts and Holt [3℄ (BH, games 3 and 4). These games arereprodu
ed in Tables 1 and 2, using the terminology that the informed player is the �sender� and theuninformed player the �re
eiver.� M
Kelvey and Palfrey [10℄ graph the AQRE 
orresponden
e
omputed using a grid sear
h method whi
h be
ame infeasible at relatively small values of λ. Thislimitation is visible as an artifa
t in their Figures 5 through 7, in whi
h the 
urves stop short ofthe limiting pure-strategy equilibria. For the purposes of the maximum likelihood estimation donethere, the portion of the 
orresponden
e 
omputed was adequate, and it was evident to whi
h equi-librium the bran
h limits. The path-following method permits pre
ise 
al
ulation of the limitingassessment, in
luding beliefs for o�-path information sets.To augment the analysis, the 
onvergen
e behavior of the algorithm is analyzed for these games.To measure 
onvergen
e, the Lyapunov fun
tion (M
Kelvey [6℄) is used to measure the progressof the tra
ing towards the limiting equilibrium. Brie�y, the Lyapunov fun
tion is the sum of thesquares of the regrets a
ross all information sets in the game, where the regret is the amount offoregone payo� at ea
h information set relative to the best reply. Figure 6 presents the log10 of theLyapunov value as a fun
tion of the number of steps taken. This �gure illustrates three modes of11



m1 a1 a2 a3 m2 a1 a2 a3 m3 a1 a2 a3BCP2
t1 1,2 2,1 0,3 t1 1,2 1,1 2,1 t1 3,1 0,0 2,1
t2 2,2 1,4 3,2 t2 2,2 0,4 3,1 t2 2,2 0,0 2,1BCP3
t1 0,3 2,2 2,1 t1 1,2 2,1 3,0 t1 1,6 4,1 2,0
t2 1,0 3,2 2,1 t2 0,1 3,1 2,6 t2 0,0 4,1 0,6BCP4
t1 4,0 0,3 0,4 t1 2,0 0,3 3,2 t1 2,3 1,0 1,2
t2 3,4 3,3 1,0 t2 0,3 0,0 2,2 t2 4,3 0,4 3,0Table 1: Signaling games from Banks, Camerer, and Porter. ti are sender types; mj are messages,and ak are re
eiver a
tions.

m = I C D E m = S C D EBH3
A 45,30 15,0 30,15 A 30,90 0,15 45,15
B 30,30 0,45 30,15 B 45,0 15,30 30,15BH4
A 30,30 0,0 50,35 A 45,90 15,15 100,30
B 30,30 30,45 30,0 B 45,0 0,30 0,15Table 2: Signaling games from Brandts and Holt. A and B are sender types, I and S are messages,and C, D, and E are re
eiver a
tions.

12




onvergen
e behavior, whi
h depend on the 
hara
teristi
s of the limiting equilibrium.In all �ve games, both sender types are equally likely, and the equilibria of interest are poolingequilibria. The limiting equilibrium sele
ted by the prin
ipal bran
h in ea
h of games BCP3,BH3, and BH4 is a stri
t pure-strategy equilibrium. In BCP3, senders send m1 in the equilibriumsele
ted by AQRE, and re
eivers pla
e probability one that the sender's type is t1 if m2 or m3were to be sent. In BH3, senders send m = I in the equilibrium sele
ted by AQRE, and re
eiverspla
e probability one that the sender's type is B if m = S were to be sent. In BH4, senders send
m = S in the equilibrium sele
ted by AQRE, and re
eivers pla
e probability one that the sender'stype is B if m = I were to be sent. Sin
e there is a stri
t best reply at ea
h information set, theprobability with whi
h inferior a
tions are played de
ays exponentially in λ. With the logarithmi
spe
i�
ation, the log-probabilities de
ay linearly in λ, so linear extrapolation based on the Ja
obianof the transformed system is very a

urate, and so the AQRE tra
ing method 
onverges qui
kly.The limiting equilibrium in game BCP4 has senders 
hoosing message m3. O� the equilibriumpath, the re
eiver randomizes between a
tions after seeing message m1, playing C with probability
1
4 and D with probability 3

4 ; randomization is supported by the belief that P (t1|m1) = 1
4 . After

m2, the re
eiver pla
es probability one that the sender was type t1. Convergen
e to an equilibriumwith randomization is slower, both in terms of the Lyapunov fun
tion and in terms of the 
omputedprobabilities. The probabilities in the limit at this information set put a weight of 1
4 on a
tion 1 and

3
4 on a
tion 2; the AQRE probabilities be
ome 
orre
t to 6 digits only after λ ≈ 5× 105, or about 4steps before termination at λ = 106. The Lyapunov fun
tion de
reases more slowly be
ause, alongthe AQRE 
omponent, one of the a
tions used in the limiting equilibrium is inferior, but is playedwith a signi�
ant probability.An intermediate 
ase is represented by game BCP2. The equilibrium message is m3, but theo�-path beliefs after both m1 and m2 both pla
e equal weight on types t1 and t2. With this belief,re
eivers are indi�erent between responses a2 and a3 when m1 is sent. In the sele
ted equilibrium,
a2 is 
hosen with probability one after both m1 and m2. The sele
ted equilibrium is pure butnon-stri
t, and 
onvergen
e is slower in both the strategy and payo� spa
es than when the limitingequilibrium is stri
t. 13



This game illustrates a 
on
eptual di�eren
e in using logit AQRE as a sele
tion 
riterion in sig-naling games versus the traditional literature on re�nements. Although there are stri
t sequentialequilibria whi
h have the same behavior strategy pro�le as the sele
ted equilibrium, logit AQREsele
ts the assessment with where the re
eiver does not 
hange his beliefs about the sender's typeafter observing an o�-path signal. Similarly, note that the sequential equilibrium assessment 
om-puted for Selten's horse set Player III's beliefs at µ = 1
3 , the largest value for whi
h Player III's
hoi
e of L is a best response.Evaluating the method in terms of the quality of approximation per number of steps taken ispreferred here to timings, be
ause the time per step is 
losely tied to the quality of the implemen-tation in the 
omputer 
ode. For these games, though, the 
urrent Gambit implementation is fast:running time is well under one se
ond on any 
urrent (mid-2008) desktop 
omputer.4 Con
lusionThis paper demonstrates the feasibility of 
omputing a sequential Nash equilibrium in an extensivegame by 
onstru
ting a sequen
e of agent logit quantal response equilibria. Expressing the tra
ingproblem in terms of transformed probabilities is ne
essary for this pro
edure to be numeri
allyfeasible, and a logarithmi
 transformation of probabilities is demonstrated to be useful in pra
ti
e.This is the �rst implementation of a globally 
onvergent method for 
omputing a sequential equi-librium assessment for any extensive game of perfe
t re
all. The quality of the approximation tothe limiting equilibrium measured in the payo� spa
e is good within a small number of steps on asample of games drawn from M
Kelvey and Palfrey's original paper introdu
ing AQRE.This method 
omplements the re
ent work of Miltersen and Sorensen [11℄ in two-playergames. They extend the sequen
e form approa
h of Koller, Megiddo, and von Stengel [4℄to 
omputing a quasi-perfe
t equilibrium, whi
h re�nes the sequential equilibrium 
on
ept. In
onstant-sum games, their method 
an be expressed in terms of a symboli
ally perturbed linearprogram, and 
an be solved in polynomial time. In general two-player games, the resulting sym-boli
ally perturbed linear 
omplementarity program is not polynomial time, but in pra
ti
e solving14



su
h programs is often e�
ient.While dire
t 
omparisons between the method of this paper and that of Miltersen and Sorensenawait mature implementations in 
ode, experien
e from the related sequen
e form-based algorithmsfor suggests that the Miltersen-Sorensen method will in the long run be the re
ommended 
hoi
efor 
omputing a sample sequential equilibrium in two-player games. Still, the limiting sequentialequilibria of the AQRE 
orresponden
e may not be the same as those 
omputed by Miltersen andSorensen's method in some games, so even when working with two-player games, the two methodswill likely be 
omplementary in exploring. questions su
h as identifying whether a game has multiplesequential equilibria.Even for appli
ations in whi
h the fa
t that the limiting equilibrium is sequential is not im-portant, 
omputing dire
tly on the extensive game has a pra
ti
al advantage. For this algorithmthe relevant size of the game is the total number of a
tions or strategies, sin
e this determines thedimensionality of the system of equations as well as the 
omputational time for expe
ted payo�s.Typi
ally, the redu
ed strategi
 form of a game has many more strategies than the extensive gamehas a
tions, meaning that the running times for AQRE tra
ing will be mu
h faster when the gamehas a nontrivial extensive stru
ture. Sin
e the equilibria sele
ted by QRE on the extensive andstrategi
 representations of the same game may, and often do, di�er, having both methods againserves as a numeri
al approa
h to establishing multipli
ity of Nash equilibria.Referen
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Figure 1: �Selten's horse,� an example for whi
h a transformation of probabilities is ne
essary fortra
ing logit AQRE to be numeri
ally feasible.
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Figure 2: AQRE probabilities of 
hoosing L for ea
h player as a fun
tion of λ for Selten's horse.
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Figure 3: Belief µof Player III in AQRE as a fun
tion of λ for Selten's horse.

Figure 4: The six-turn 
entipede game. Top: version studied by M
Kelvey and Palfrey, with potmultiplier equal to 2. Bottom: version with pot multiplier equal to 3.9.19
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Figure 5: Probability �rst player takes at ea
h of his turns as a fun
tion of λ in AQRE of the
entipede game with multiplier m = 3.9.
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Figure 6: Plot of log10 of the Lyapunov value as a fun
tion of the number of steps in tra
ing AQREfor �ve signaling games.
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